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Abstract
This paper studies the problem of drawing directed acyclic graphs in three dimensions in the straight-line grid model so that
all directed edges are oriented in a common (upward) direction. We show that there exists a family of outerplanar directed acyclic
graphs whose volume requirement is super-linear. We also prove that for the case of directed trees a linear-volume upper bound is
achievable.
c© 2007 Elsevier B.V. All rights reserved.
Keywords: 3D graph drawing; Upward drawing; Upward track layout
1. Introduction
The problem of computing 3D grid drawings of graphs so that the vertices are represented at integer grid-points,
the edges are crossing-free straight-line segments, and the volume is small, has received a lot of attention in the
graph drawing literature (e.g., [1–7]). While the interested reader is referred to the exhaustive introduction and list of
references of [5], we recall here some of the more recent results on the subject. In what follows, n denotes the number
of vertices, and m the number of edges of a graph.
Dujmovic´ and Wood [6] proved that drawings on an integer grid with an O(n1.5) volume can be obtained for
planar graphs, graphs with bounded degree, graphs with bounded genus, and graphs with no Kh (h constant) as a
minor. Bose et al. [8] proved that the maximum number of edges in a grid drawing of dimensions X × Y × Z is
(2X − 1)(2Y − 1)(2Z − 1)− XY Z , which implies a lower bound of m+n8 on the volume of a 3D grid drawing of any
graph. Felsner et al. [7] initiated the study of restricted integer grids, where all vertices are drawn on a small set of
parallel grid lines, called tracks and proved that outerplanar graphs can be drawn by using three tracks on an integer
grid of size O(1) × O(1) × O(n). Dujmovic´, Morin, and Wood [5] showed that a graph G admits a drawing on an
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integer grid of size O(1)× O(1)× O(n) if and only if G admits a drawing on an integer grid consisting of a constant
number of tracks. Dujmovic´, Morin, and Wood used this result to show in [5] that graphs of bounded tree-width
(including, for example, series-parallel graphs and k-outerplanar graphs with constant k) have 3D straight-line grid
drawings of O(n) volume. Some of the constant factors in the volume bounds of [5] are improved in [4]. As far as
we know, the question of whether all planar graphs admit a 3D straight-line grid drawing of O(n) volume remains a
fascinating open problem.
This paper studies the problem of computing 3D straight-line grid drawings of directed acyclic graphs so that all
edges are drawn oriented in a common direction; such drawings are called 3D upward drawings in the remainder of
the paper. Recall that 2D straight-line grid drawings of directed acyclic graphs such that all edges are drawn upward
are a classical subject of investigation in the graph drawing literature (see, e.g. [9–12]). Little is known about volume
requirements of 3D upward drawings. Poranen [13] presented an algorithm to compute a 3D upward drawing of an
arbitrary series-parallel digraph in O(n3) volume. Poranen also shows that this bound can be improved to O(n2) and
O(n) if the series-parallel digraph has some additional properties.
The major contributions of the present paper can be listed as follows.
• We introduce and study the notion of upward track layout, which extends a similar concept studied by Dujmovic´,
Morin, and Wood (see, e.g. [5,14,15,6]). We relate upward track layouts to upward queue layouts and use this
relationship to prove some of our volume bounds.
• We describe a family of outerplanar directed acyclic graphs such that any 3D upward drawing of a graph in the
family requires Ω(n1.5) volume; we also show that this bound is tight for this family of graphs. This result could
be regarded as the 3D counterpart of a theorem in [16], which proves that upward grid drawings in 2D can require
area exponential in the number of vertices. Note that undirected outerplanar graphs admit a 3D grid drawing in
Θ(n) volume [7].
• Motivated by the above super-linear lower bound, we investigate families of outerplanar graphs which admit
upward 3D drawings of linear volume. In particular, we show that every directed tree has an upward 3D drawing
on a grid of size O(1)× O(1)× O(n).
The remainder of this paper is organized as follows. Preliminaries can be found in Section 2. The definition of
upward track layout and its connection with upward queue layout is considered in Section 3. The volume lower bound
for 3D upward drawings of outerplanar graphs is in Section 4. How to compute linear-volume 3D upward drawings
of trees is the subject of Section 5. Other families of graphs and gaps on the volume are discussed in Section 6.
2. Preliminaries
Let G be a directed acyclic graph (DAG). The underlying undirected graph Ĝ of G is the undirected graph obtained
by ignoring the directions of the edges of G.
A 3D straight-line grid drawing Γ of an undirected graph G maps each vertex of G to a distinct point of Z3 and
each edge of G to the straight-line segment between its endpoints. We denote the x-, y- and z-coordinates of v by
x(v), y(v) and z(v), respectively. A crossing-free 3D straight-line grid drawing is a 3D straight-line grid drawing
such that edges intersect only at shared endvertices and an edge only intersects a vertex that is an endvertex of that
edge.
A (crossing-free) straight-line grid drawing of a DAG G is a (crossing-free) straight-line grid drawing of the
underlying undirected graph Ĝ of G. A 3D straight-line grid drawing of G is upward if for each directed edge
(u, v) ∈ G we have z(u) < z(v). In the rest of this paper a crossing-free 3D upward straight-line grid drawing of a
DAG G is called simply a 3D upward drawing of G.
The bounding box of a 3D straight-line grid drawing Γ is the minimum axis-aligned box containing Γ . If the sides
of the bounding box parallel to the x-, y-, and z-axis have lengths W − 1, D − 1 and H − 1, respectively, we say that
Γ has width W , depth D and height H . We also say that Γ has size W × D × H and volume W · D · H .
3. Upward track layout
In this section we introduce and study the concept of an upward track layout, which extends the notion of a track
layout as defined by Dujmovic´ et al. [5,14].
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3.1. Upward track layout and 3D upward drawings
Let G = (V, E) be an undirected graph. A t-track assignment γ of G consists of a partition of V into t sets
V0, V1, . . . , Vt−1, called tracks, and a total order ≤i for each set Vi . We write u<i w if u≤i w and u 6= w. There is
an overlap if there exist an edge (u, w) and a vertex v such that u, v, w ∈ Vi and u<i v <i w. There is an X-crossing
if there exist two edges (u, v) and (w, z) such that u, w ∈ Vi , v, z ∈ V j , with i 6= j , and u<i w and z< j v. A t-track
layout1 of G is a t-track assignment of G without overlaps and X -crossings. The minimum value of t such that G has
a t-track layout is called the track number of G and is denoted as tn(G).
Definition 1. Let G = (V, E) be a DAG. An upward t-track layout of G is a partition of V into t sets
V0, V1, . . . , Vt−1, called tracks, a total order ≤i for each track Vi and a partial order 4 on V such that:
(1) The partition into tracks and the total order ≤i on each track define a t-track layout of the underlying undirected
graph of G;
(2) If (u, v) ∈ E then u 4 v; and
(3) if u≤i v for some i then u 4 v.
Notice that, point 3 of the definition of upward t-track layout guarantees that the partial order 4 defined on V and
the total orders ≤i defined on each track Vi are consistent with each other. Also, point 2 guarantees that the partial
order 4 is consistent with the orientation of the edges. The minimum value of t such that G has an upward t-track
layout is called the upward track number of G and is denoted as utn(G).
Let Γ be a 3D upward straight-line drawing of a DAG G where the vertices are drawn as points on t lines parallel
to the z-axis. Such a drawing defines a t-track assignment, where each track Vi contains the vertices drawn on line i
(0 ≤ i ≤ t−1). Also the z-coordinates of the vertices define a total order in each track and a partial order on the set of
vertices of G. Therefore we have that the t-track assignment induced by a 3D upward straight-line drawing of a DAG
G is a t-track layout if it does not induce overlaps or X -crossings. Based on this observation, and in order to simplify
the description of our drawing techniques, we shall introduce the definition of an upward t-track drawing, which can
be seen as an equivalent geometric definition of an upward t-track layout. In a 3D upward straight-line drawing of a
DAG G an overlap consists of an edge (u, w) and a vertex v such that u, v, w are on the same vertical line (i.e. they
have the same x- and y-coordinates) and z(u) < z(v) < z(w). Analogously an X -crossing consists of two edges
(u, v) and (w, x) such that such that either (i) u and w are on one vertical line, v and x are on another vertical line and
z(u) < z(w) and z(x) < z(v) or (ii) u and x are on one vertical line, v and w are on another vertical line, z(u) < z(x)
and z(w) < z(v).
Definition 2. Let G = (V, E) be a DAG. An upward t-track drawing of G is a 3D upward straight-line drawing of G
with vertices on t lines parallel to the z-axis such that there are no overlaps and no X -crossings.
Notice that in the definition of upward t-track drawing only overlaps and X -crossings are forbidden; thus an upward
t-track drawing can have other type of crossings. It is immediate to see that, by definition, a DAG G admits an upward
t-track layout if and only if it admits an upward t-track drawing.
The relationship between upward track layouts and 3D upward drawings is established by the following lemma.
An analogous result has been presented in [5] for the undirected case and the proofs for the two cases are similar. The
proof is based on the fact that vertices can be placed at points with coordinates (i, i2 mod p, i3 mod p + j p). The
interested reader can find the proof in the Appendix.
Lemma 1. If DAG G has an upward t-track drawing of height H, then G has a 3D upward drawing of size t×p×p·H
and volume O(t3 · H), where p is the smallest prime number such that p ≥ t .
Corollary 1. Let G be a DAG with n vertices. G has a 3D upward drawing of size utn(G) × p × p · n and volume
O(utn(G)3 · n), where p is the smallest prime number such that p ≥ utn(G).
1 We remark that in [5,14] a t-track layout is called an improper t-track layout, in order to distinguish it from a proper t-track layout (also called
simply t-track layout) where vertices in the same track are not allowed to be adjacent. Since this distinction is not relevant for the purpose of this
paper, we do not make such a distinction.
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3.2. Upward track layout and upward queue layout
In this section we study the relationship between the upward track number and another well-known graph
parameter, namely the upward queue number [17–19].
Let G = (V, E) be an undirected graph. A q-queue layout of G consists of a total ordering ≤σ of V and a
partition of E into q sets, called queues, such that there are no two edges (u, v) and (w, z) in the same queue with
u<σ w<σ z<σ v, where u<σ w means u≤σ w and u 6= w. The minimum value of q such that G has a q-queue
layout is called the queue number of G and is denoted as qn(G).
Let G = (V, E) be a DAG. An upward q-queue layout of G consists of a total ordering ≤σ of V and a partition of
E into q sets, called queues, such that it is a q-queue layout for the undirected underlying graph Ĝ of G and for each
edge (u, v) ∈ E , we have u<σ v. The minimum value of q such that G has an upward q-queue layout is called the
upward queue number of G and is denoted as uqn(G).
Lemma 2. Let G be a DAG. Then uqn(G) ≤ utn(G)(utn(G)+ 1)/2.
Proof. Consider an upward t-track layout γ of G, with t = utn(G). We describe how to compute an upward queue
layout of G. For each track Vi (0 ≤ i ≤ t − 1) in γ we define a queue qi that contains all the edges having both
endvertices in Vi ; for any pair of tracks Vi and V j (0 ≤ i 6= j ≤ t − 1) we define a queue qi, j that contains all the
edges having one endvertex in Vi and the other in V j . Finally we define the total ordering σ of the queue layout as
a total order that respects the partial order 4 of γ . We now prove that we correctly compute a q-queue layout of G,
i.e. that there are no two edges (u, v) and (w, z) in the same queue such that u<σ w<σ z<σ v. Consider first a queue
qi corresponding to a single track Vi . If there are two edges (u, v) and (w, z) in qi such that u<σ w<σ z<σ v, then
we have u, w, v ∈ Vi , (u, v) ∈ E and u<i w<i v, i.e. we have an overlap in γ , which is impossible. Consider now
a queue qi, j corresponding to a pair of tracks Vi and V j and assume that there are two edges (u, v) and (w, z) in qi, j
such that u<σ w<σ z<σ v. Two cases are possible:
• u, w ∈ Vi and v, z ∈ V j . Since u<σ w and z<σ v, we have u<i w and z< j v in γ , i.e. there is an X -crossing in
γ , which is impossible.
• u, z ∈ Vi and v,w ∈ V j . Since u<σ z and w<σ v, we have u<i z and w< j v in γ . Also in this case there is an
X -crossing in γ , which is impossible.
The number of queues in the computed queue layout is equal to the number of tracks Vi in γ , i.e. t , plus all the
possible pairs of tracks Vi , V j of γ , i.e.
( t
2
)
and hence
q =
(
t
2
)
+ t.
Since utn(G) = t and uqn(G) ≤ q the statement holds. 
We now define a family of outerplanar DAGs that we shall use to prove a lower bound on the volume of 3D
upward drawings of outerplanar DAGs. The same family will be used to prove that the upper bound of Lemma 2 is
asymptotically tight.
Definition 3. Let k be a positive integer. An oriented rainbow is a directed graph G = (V, E) with n = 2k vertices
which has the following properties. The set V is Vu∪Vv where Vu = {u0, u1, . . . , uk−1} and Vv = {v0, v1, . . . , vk−1}.
The set of edges E is Eu ∪ Ev ∪ Euv where Eu = {(ui , ui+1) | 0 ≤ i ≤ k − 2}, Ev = {(vi , vi+1) | 0 ≤ i ≤ k − 2}
and Euv = {(ui , vk−1−i ) | 0 ≤ i ≤ k − 1}. The path consisting of all the edges in Eu and Ev plus the edge (uk−1, v0)
is called the spine of the rainbow.
For an illustration of an oriented rainbow with 20 vertices, see Fig. 1. The following lemma establishes the value
of the upward queue number of an oriented rainbow.
Lemma 3. Let G be an oriented rainbow with n vertices. Then uqn(G) = n2 .
Proof. The order of the vertices of G along the spine of G is the unique topological sort of G and therefore it must
be the total order for the upward queue layout. Given this order no two edges of Euv can belong to the same queue. It
follows that uqn(G) ≥ n2 . Since all edges of the spine can be in the same queue we have that uqn(G) = n2 . 
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Fig. 1. An oriented rainbow G with n = 20.
4. Volume requirements of 3D upward drawings of outerplanar DAGs
In this section we present a super-linear lower bound on the volume of 3D upward drawings of outerplanar DAGs,
by using the results in Section 3 and the following lemma.
Lemma 4. Let G be a DAG and let Γ be a 3D upward drawing of G such that the sides of the bounding box of Γ
parallel to the x-, y-, and z-axis have lengths W , D, and H, respectively. Then utn(G) ≤ W · D.
Proof. The drawing Γ is an upward t-track drawing, where t is equal to the number of vertical lines containing at
least one vertex of G in Γ . Since the number of vertical lines is at most W · D, the statement follows. 
Lemma 5. Let G be an oriented rainbow with n vertices. Any 3D upward drawing of G requires Ω(n1.5) volume.
Proof. Assume for contradiction that there exists a 3D upward drawing Γ of G with volume o(n1.5). Let W , D, and
H be the width, depth, and height of Γ . Since Γ is upward, we have z(u0) < z(u1) < · · · < z(uk−1) < z(v0) <
z(v1) < · · · < z(vk−1). This implies that H ≥ n. In order to have a volume of o(n1.5) it must be W · D = o(n0.5). By
Lemma 4 this would imply utn(G) = o(n0.5). By Lemma 2, we have uqn(G) = O(utn(G)2) and therefore it would
be uqn(G) = o(n), but this is impossible because, by Lemma 3, we have uqn(G) = Ω(n). 
Note that in contrast to Lemma 5, undirected outerplanar graphs admit a crossing-free 3D straight-line grid drawing
in Θ(n) volume [7]. We now investigate whether the volume bound stated in Lemma 5 is tight.
Lemma 6. Any oriented rainbow G with n = t (t + 1) vertices, where t is a prime number, has a 3D upward drawing
with O(n1.5) volume.
Proof. Let 2k = t (t + 1) = n. We partition the vertices of the set Vu into t groups U0,U1, . . . ,Ut−1. Group U0
contains the first t vertices of Vu (i.e. vertices u0,. . .,ut−1), group U1 contains the next t − 1 vertices of Vu , group U2
contains the next t − 2 vertices of Vu , and so on. More precisely each group Ui is defined as follows:
Ui =
{
u j | i t − i(i − 1)2 ≤ j < (i + 1)t −
i(i + 1)
2
}
.
Note that |Ui | = t − i . Analogously we partition the vertices of the set Vv into t groups V0,V1, . . . ,Vt−1, where
each set Vi contains the vertices of Vv that are adjacent to the vertices of Ui .
We relabel the vertices in Vu as follows. Let u j be a vertex in Vu (0 ≤ j ≤ k − 1) and let Ui be the group
of u j , then we label u j as wi,h , with h = j − [i t − i(i−1)2 ]. In other words the t − i vertices of Ui are labeled
wi,0, . . . , wi,t−i−1. Analogously we label each vertex v j ∈ Vv as zi,h where i is the group Vi to which v j belongs,
and h = j − (t−i−1)(t−i)2 .
We draw each vertex wi,h at point (i, 0, i t + h) (0 ≤ i ≤ t − 1, 0 ≤ h ≤ t − i − 1). Each vertex zi,h is drawn at
point (t − 1− h, 1, 2t2 − (i + 1)t + h) (0 ≤ i ≤ t − 1, 0 ≤ h ≤ t − i − 1). For an illustration with n = 30 see Fig. 2.
It is clear that the resulting straight-line drawing is upward. We will now show that it is also crossing-free.
Consider two edges e1 = (wa,b, za,t−a−1−b) (0 ≤ a ≤ t − 1, 0 ≤ b ≤ t − i − 1) and e2 = (wc,d , zc,t−c−1−d)
(0 ≤ c ≤ t − 1, 0 ≤ d ≤ t − i − 1). Assume that these two edges cross. Let P be the plane through wa,b,
wc,d , za,t−a−1−b and zc,t−c−1−d . The intersection of P with the y = 0 plane is a line whose direction is the vector
(c − a, 0, ct + d − at − b). The intersection of P with the y = 1 plane is a line whose direction is the vector
(a + b − c − d, 0,−at − b − a + ct + d + c). From the equality of the directions we obtain:
ct + d − at − b
c − a =
ct + d + c − at − b − a
a + b − c − d .
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Fig. 2. 3D upward drawing of the spine of the oriented rainbow with n = 30.
If c = a we have
d − b
0
= d − b
b − d .
Since d 6= b, because otherwise wa,b and wc,d would be the same vertex, then the two vectors cannot have the
same direction, i.e. there cannot be a crossing in the case c = a.
Assume without loss of generality that c > a. We have that ct + d − at − b > 0 and ct + d + c− at − b− a > 0
and hence a + b − c − d > 0, i.e. a + b > c + d. Since a < c we have b > d. If a > 0 then we can reduce a and c
by 1 without changing the directions of the two vectors, so without loss of generality we may assume that a = 0. If
d > 0 we can reduce b and d by 1 without changing the direction of the vectors, so without loss of generality we may
assume that d = 0. We have:
ct − b
c
= ct + c − b
b − c .
Since ct − b > 0, c > 0 and ct + c − b > 0, then b − c > 0. From the equation above we obtain:
(2c2 − cb)t + (b − c)2 = 0.
If t is prime, this equality cannot hold since 0 < b − c < t − 1. This concludes the proof that the drawing has
no crossings. Concerning the volume of the drawing, we have that W = t , H = 2t2 and D = 2 and therefore
V = 4t3 = O(n1.5). 
Theorem 1. For all values of n there exists an outerplanar DAG G with n vertices that has a 3D upward drawing
with volume Θ(n1.5).
Proof. Assume first that n is even and let G be an oriented rainbow with n vertices. From Lemma 5 we know that
the volume of any 3D upward drawing of G is Ω(n1.5). Let G ′ be an oriented rainbow with n′ vertices such that
n′ is the smallest integer for which n ≤ n′ = p(p + 1), where p is a prime number. Let t be the smallest integer
for which n ≤ t (t + 1). We have t < √n + 1. By Bertrand’s postulate we have t ≤ p < 2t − 1. It follows that
n′ = p(p + 1) < 4t2 < 4(n + 2√n + 1).
So from Lemma 6 and from the fact that G is a subgraph of G ′ it follows that G has a 3D upward drawing of
volume O(n1.5).
In the case when n is odd, let G be an oriented rainbow with n−1 vertices plus an isolated vertex v. With the same
argument as above we have that G \ v has a 3D upward drawing with volume Θ(n1.5). Clearly vertex v can be added
to the O(n1.5) volume drawing of G \ v without changing the asymptotic value of the volume and thus the statement
holds. 
Theorem 1 can be regarded as the 3D counterpart of well-known results which show that in two dimensions,
undirected and directed planar graphs have different area requirements [16]. Note however that the oriented rainbows
have O(n2) area drawings in 2D space.
We can use Lemmas 3, 4 and 6 to prove that the upper bound of Lemma 2 is asymptotically tight for DAGs.
Theorem 2. For all values of n there exists an outerplanar DAG G with n vertices such that uqn(G) = Θ(utn(G)2).
Proof. Assume first that n is even and let G be an oriented rainbow with n vertices. From Lemma 2 we have
uqn(G) = O(utn(G)2). By Lemma 5, any 3D upward drawing Γ of G has volume Ω(n1.5). Let W , D, and H
be the width, the depth, and the height of Γ , respectively. We have that H ≥ n (see the proof of Lemma 5) and hence
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W · D = O(n0.5). By Lemma 4, it follows that utn(G) = O(n0.5). By Lemma 3, uqn(G) = Ω(n). It follows that
uqn(G) = Ω(utn(G)2).
In the case when n is odd, let G be an oriented rainbow with n−1 vertices plus an isolated vertex v. With the same
argument as above we have that uqn(G\v) = Θ(utn(G\v)2). Clearly uqn(G) = uqn(G\v) and utn(G) = utn(G\v)
and therefore the statement holds also in this case. 
5. Compact 3D upward drawings of trees
Based on the result of Theorem 1 we next investigate whether there exist meaningful families of outerplanar DAGs
with o(n1.5) volume upper bounds. Note that any undirected outerplanar graph has a 3D grid crossing-free drawing
in Θ(n) volume [7]. In this section we study compact 3D upward drawings of directed trees and paths. We recall that
directed trees are a classical subject of investigations also in other fields of computer science (see, e.g., [20], where
they are called totally acyclic directed graphs).
Let T be a directed rooted tree. If each edge of T is directed from the parent vertex to the child vertex (or vice versa)
we say that the edges of T are commonly directed. The following lemma will be used as a basic tool for computing an
upward 7-track drawing of a generally directed tree.
Lemma 7. Let T be a directed rooted tree whose edges are commonly directed. Then utn(T ) ≤ 3.
Proof. An upward 3-track drawing of T can be easily computed by using the algorithm described in [7] for undirected
trees. We recall the algorithm here explaining how it can be used in the directed case. Each vertex v is drawn on line
d(mod 3), where d is the length of the path from v to r . The root r of T can be drawn with an arbitrary z-coordinate
zr . In order to assign the z-coordinates to the remaining vertices, we perform a BFS traversal of T starting from
the root r of T . Let nv be the number of vertices visited before v; the z-coordinate of v is computed as follows.
If the edges are oriented from parents to children then z(v) = nv + 1; if the edges are oriented from children to
parents then z(v) = nv − 1. The resulting drawing has no overlap because no edge has both endvertices on the
same line. Assume two edges e1 = (u1, v1) and e2 = (u2, v2) form an X -crossing. The two parent vertices of e1
and e2 must be on the same line (otherwise their children would be on different lines). It follows that the children
vertices are ordered according to the order of their parents and therefore an X -crossing is not possible. The drawing is
clearly upward. Namely, when edges are oriented from parents to children, each vertex has z-coordinate greater than
previously visited vertices and hence greater than its parent. When edges are oriented from children to parents, each
vertex has z-coordinate smaller than previously visited vertices and hence smaller than its parent. 
In the following we refer to the algorithm described in the proof of Lemma 7 as the wrapping algorithm. More
precisely, we will call the algorithm used in the case when the edges are oriented from parents to children (i.e. when
z(v) = nv + 1) the forward wrapping algorithm, and the algorithm used in the case when the edges are oriented from
children to parents (i.e. when z(v) = nv − 1) the backward wrapping algorithm.
We describe now a decomposition of directed tree T that will be used to construct an upward 7-track drawing of
T . Let v be a vertex of T . We use T+(v) to denote the subtree of T , rooted at v, induced by all vertices w for which
there is a directed path of length ≥ 0 from v to w. Similarly, T−(v) is the subtree of T , rooted at v, induced by all
vertices w for which there is a directed path of length ≥ 0 from w to v. Let r be a vertex of T that has no incoming
edges, i.e. there are no edges (u, r) in E . A forest decomposition of T with respect to r is a set {F0, F1, F2, . . .} where
each Fi is a forest defined as follows. F0 is the tree T+(r). For i > 0,
Fi =
{
T+(w) | v ∈ Fi−1, w 6∈
j=i−1⋃
j=0
F j , (v,w) ∈ E
}
, if i is even
Fi =
{
T−(w) | v ∈ Fi−1, w 6∈
j=i−1⋃
j=0
F j , (w, v) ∈ E
}
, if i is odd.
For an example of a forest decomposition of a directed tree T , see Fig. 3.
Since T is connected, it follows that each vertex v of T belongs to some Fi . Also the following properties hold for
a forest decomposition:
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Fig. 3. A directed tree T and a forest decomposition of T with respect to a vertex r .
Fig. 4. An upward 7-track drawing of the directed tree T of Fig. 3.
• Each tree in each forest Fi has edges commonly directed and hence it admits an upward 3-track drawing by
Lemma 7.
• Each root of the trees of Fi is adjacent to a single vertex of Fi−1.
Lemma 8. Let T be a directed tree with n vertices. Then utn(T ) ≤ 7.
Proof. We describe how to compute an upward 7-track drawing of T . We assume that the lines are numbered from
0 to 6 and that arithmetic on the line numbers is defined mod 7. Let r be a vertex of T without incoming edges,
i.e. there is no edge (v, r) in E . We first compute a forest decomposition with respect to r and construct an upward
7-track drawing by drawing each forest Fi as described in the following (see also Fig. 4 for an illustration).
(1) The trees of Fi are drawn by using the forward wrapping algorithm if i is even and the backward wrapping
algorithm if i is odd.
(2) Fi is drawn on lines 3i , 3i + 1 and 3i + 2.
(3) The roots of the trees of Fi are drawn on line 3i ; if two roots are adjacent to vertices of Fi−1 that are on the same
line, then the roots are ordered according to the order of their adjacent vertices.
(4) If i is even, the drawing of Fi is between the drawing of Fi+1 and the drawing of Fi+3 along the z-direction.
(5) If i is odd, the drawing of Fi is between the drawing of Fi−3 and the drawing of Fi−1 along the z-direction.
We now show that the computed drawing of T is in fact an upward 7-track drawing. The drawing is upward: The
drawing of each forest is upward because we use the forward wrapping algorithm for trees whose edges are directed
from parents to children, and the backward wrapping algorithm for trees whose edges are directed from children to
parents. The edges with endvertices in different forests are directed from Fi to Fi−1 and from Fi to Fi+1 with i odd.
By construction, we have that the z-coordinates of the vertices of Fi are all smaller than the z-coordinates of the
vertices of Fi−1 and Fi+1, where i is odd.
The drawing has no overlaps since no edge is drawn on a line. There are no X-crossings inside the drawing of any
tree in Fi by Lemma 7. We will now show that there are no X-crossings involving edges between vertices in different
forests Fi . Assume i is even; a similar argument can be used when i is odd. Edges from Fi to Fi+1 could possibly
form X-crossings with edges inside Fi , edges inside Fi+1, edges from Fi−1 to Fi or edges from Fi+1 to Fi+2. Forest
Fi is drawn on tracks 3i, 3i + 1, 3i + 2 and Fi+1 is drawn on tracks 3i + 3, 3i + 4, 3i + 5. Edges from Fi to Fi+1
connect vertices on tracks 3i, 3i + 1, 3i + 2 with vertices on track 3i + 3 so they do not form X-crossings with edges
inside Fi or with edges inside Fi+1. Edges from Fi−1 to Fi connect vertices on tracks 3i −3, 3i −2, 3i −1 to vertices
1832 E. Di Giacomo et al. / Discrete Mathematics 309 (2009) 1824–1837
on track 3i and so do not form X-crossings with edges from Fi to Fi+1. Edges from Fi+1 to Fi+2 connect vertices on
tracks 3i + 3, 3i + 4, 3i + 5 with vertices on track 3i + 6. So these edges also do not form X-crossings with edges
from Fi to Fi+1 or with edges from Fi−1 to Fi . It follows that every directed tree T has an upward 7-track drawing
and hence utn(T ) ≤ 7. 
In the special case of directed paths the result of Lemma 8 can be improved as the following lemma shows.
Lemma 9. Let P be a directed path with n vertices. Then utn(P) ≤ 3.
Proof. We describe how to compute an upward 3-track drawing of P . We assume that the lines are numbered from 0
to 2 and that arithmetic on the line numbers is defined mod 3. Let v0, . . . , vn−1 be the vertices of the path. We assume
that the edge incident on v0 is directed from v0 to v1. If this is not the case we can add a dummy vertex w before v0
and connect it to v0 with the edge (w, v0). We compute a forest decomposition of P with respect to v0. Note that every
forest Fi consists of a directed path with edges commonly directed. An upward 3-track drawing of P is computed by
the same algorithm used for trees, with the only difference that each forest Fi is drawn on the single line i .
The drawing is upward. Namely the drawing of each forest is trivially upward. The edges with endvertices in
different forests are directed from Fi to Fi−1 and from Fi to Fi+1 with i odd. By construction, we have that the
z-coordinates of the vertices of Fi are all smaller than the z-coordinates of the vertices of Fi−1 and Fi+1, where i is
odd.
Overlaps are not possible because the only edges with both endvertices in the same line are the edges of the paths
in the forests and these edges connect consecutive vertices. We prove that there cannot be X -crossings. An X -crossing
can exist only between edges with endvertices in different forests. Assume i is even; a similar argument can be used
when i is odd. The edges from Fi to Fi+1 could possibly form X -crossings with edges from Fi−1 to Fi , or edges from
Fi+1 to Fi+2. Edges from Fi to Fi+1 connect vertices on line i with vertices on line i + 1; edges from Fi−1 to Fi
connect vertices on line i−1 with vertices on line i and so do not form X-crossings with edges from Fi to Fi+1; edges
from Fi+1 to Fi+2 connect vertices on line i + 1 with vertices on line i + 2 = i − 1 and so do not form X-crossings
with edges from Fi to Fi+1, or with edges from Fi−1 to Fi . It follows that every directed path P has an upward 3-track
drawing and hence utn(P) ≤ 3. 
The following theorem is a consequence of Corollary 1, Lemmas 8 and 9 and the fact that any 3D grid drawing of
a graph with n vertices requires Ω(n) volume.
Theorem 3. Every directed tree T with n vertices admits a 3D upward drawing of size 7×7×7 ·n and volumeΘ(n).
If T is a path, it admits a 3D upward drawing of size 2× 2× n and volume Θ(n).
Proof. By Lemma 8 and Corollary 1 every directed tree T with n vertices admits a 3D upward drawing of size
7 × 7 × 7 · n and volume O(n). Lemma 9 and Corollary 1 imply that a path P admits a 3D upward drawing of size
3 × 3 × 3n. However, in this case, we can obtain a better size than the one above. Namely, starting from an upward
3-track drawing Γ ′ of P , any placement of the three vertical lines of Γ ′ in 3D space such that the three lines are not
coplanar gives rise to a 3D upward drawing Γ . The way of placing the three lines of Γ ′ in the space so that they are
not coplanar that gives us the smallest size is the one where the three lines pass through three corners of a unit square
in the xy-plane. The size obtained is 2× 2× n.
Since any 3D straight-line drawing of a graph with n vertices requires Ω(n) volume, the volume bounds for trees
and paths are asymptotically tight. 
Lemmas 8 and 9 naturally raise the question about a lower bound on the upward track number of trees and paths.
The following two lemmas answer these questions.
Lemma 10. There exists a directed tree T such that utn(T ) ≥ 4.
Proof. We will show that there exists a tree T such that in any upward t-track drawing of T , t ≥ 4. Consider an
undirected rooted tree T̂ such that every internal vertex of T̂ has exactly four children and the depth of T̂ is 6, i.e. the
longest path from r to a leaf of T contains 6 edges. Define an oriented tree T by orienting the edges of T̂ as follows:
the first three edges in any path from r to a leaf are directed away from r and the last three edges point in the direction
of r . The tree T is illustrated in Fig. 5. We will prove that utn(T ) ≥ 4. Assume, for contradiction, that T has an upward
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Fig. 5. A tree T of depth 6 and a partial 3-track layout of T .
Fig. 6. A path P with utn(P) ≥ 3.
Fig. 7. Cases 1.a and 1.b of Lemma 11.
3-track drawing and without loss of generality that r is on line 0 (see Fig. 5). In order to guarantee upwardness and
avoid overlaps, at most one of the children of r can lie on line 0, and then there is another line with at least two children
of r . Again without loss of generality assume that u0 and v0 are two children of r on line 1 with z(u0) < z(v0). In
order to guarantee upwardness and avoid overlaps and X -crossings, no child of u0 can lie on line 0, and at most one
can be on line 1, so at least three will lie on line 2. Assume these are u1, v1 and w1 with z(u1) < z(v1) < z(w1). No
child of v1 can lie on line 1, and at most one can be on line 2, so at least three will lie on line 0. Assume these are u2,
v2 and w2 with z(u2) < z(v2) < z(w2). No child of v2 can lie on line 2, and at most one can be on line 0, so at least
three will lie on line 1. Assume these are u3, v3 and w3 with z(u3) < z(v3) < z(w3). Notice that since edge (u3, v2)
cannot cross edge (r, v0) we must have z(v0) < z(u3). No child of v3 can lie on line 0, and at most one can be on line
1, so at least three will lie on line 2. Assume these are u4, v4 and w4 with z(u4) < z(v4) < z(w4). Notice that since
the edge (u4, v3) cannot cross the edge (u0, w1) we must have z(w1) < z(u4). No child of v4 can lie on line 1, and
at most one can be on line 2, so at least one child will lie on line 0. Assume this is v5. Since the path from v5 to v2 is
directed from v5 to v2, we require that z(v5) < z(v2). However this implies that (v5, v4) crosses edge (v1, v2), which
contradicts the assumption that the drawing has no X-crossings. Therefore utn(T ) ≥ 4. From Lemma 8 it follows that
utn(T ) ≤ 7. 
Lemma 11. There exists a directed path P such that utn(P) ≥ 3.
Proof. Let P be the directed path illustrated in Fig. 6. Assume, for contradiction, that P admits an upward 2-track
drawing and assume that c is on line 0. Since it must be that z(b) > z(c) and z(d) > z(c), then at most one among b
and d can be on line 0 in order to avoid overlaps.
Case 1: b and d are both on line 1. Assume that z(b) < z(d), the other case is symmetric. For upwardness, it must be
that z(b′) > z(c) and z(d ′) > z(c) and hence, to avoid overlaps, at most one of b′ and d ′ can be on line 0.
Case 1.a: both b′ and d ′ are on line 1. (See also Fig. 7(a).) Upwardness and no overlaps imply that
z(b′) < z(b) < z(d ′) < z(d) on line 1. Also, to guarantee upwardness and avoid overlaps, at most
one of a and b′ can be on the same line as b; it follows that a is on line 0, but this implies that edge
(a, b)X -crosses either edge (c, b′) or edge (c, d ′).
Case 1.b: only b′ is on line 1. (See also Fig. 7(b).) Because of the upwardness, we have z(c) < z(d ′) on line
0 and z(b′) < z(b) < z(d) on line 1. Since at most one of a and b′ can be on the same line as b, then a
is on line 0 with either z(a) < z(c) or z(a) > z(d ′) (otherwise we would have an overlap); however this
implies that edge (a, b)X -crosses either edge (c, b′) or edge (d ′, d).
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Fig. 8. Cases 1.c and 2.a of Lemma 11.
Fig. 9. Cases 2.b and 2.c of Lemma 11.
Case 1.c: only d ′ is on line 1. (See also Fig. 8(a).) We have z(c) < z(b′) on line 0 (to avoid overlaps) and
z(b) < z(d ′) < z(d) on line 1 (to avoid overlaps and guarantee upwardness.) This implies an X -crossing
between edges (c, d ′) and (b′, b).
Case 2: b and d are not both on line 0. Assume that b is on line 1; the other case is symmetric.
Case 2.a: b′ and d ′ are both on line 1. (See also Fig. 8(b).) In order to avoid X -crossings between edges
(c, b′) and (d ′, d), it must be that z(b′) < z(b) < z(d ′) on line 1. To guarantee upwardness and avoid
overlaps, at most one of a and b′ can be on the same line as b; then a is on line 0. This implies that edge
(a, b)X -crosses either edge (c, b′) or edge (c, d ′).
Case 2.b: only b′ is on line 1. (See also Fig. 9(a).) Because of the upwardness, we have z(c) < z(d ′) < z(d)
on line 0 and z(b′) < z(b) on line 1. Also in this case a must be on line 0. In order to avoid overlaps and
an X -crossing between edges (a, b) and (c, b′) we must have z(c) < z(d ′) < z(d) < z(a). Since at most
one among d ′ and e can be on the same line as d (to guarantee upwardness and avoid overlaps), then e
is on line 1. In order to avoid overlaps and an X -crossing between edges (e, d) and (c, b′) we must have
z(b′) < z(b) < z(e). However this implies an X -crossing between edges (a, b) and (e, d).
Case 2.c: only d ′ is on line 1. (See also Fig. 9(b).) We have z(c) < z(b′) < z(d) on line 0 (to guarantee
upwardness and avoid overlaps). However this implies an X -crossing either between edges (b′, b) and
(d ′, d) (if z(d ′) < z(b)) or between edges (b′, b) and (c, d ′) (if z(b) < z(d ′)).
It follows that P cannot have an upward 2-track drawing. 
The following theorem summarizes Lemmas 8–11.
Theorem 4. Let T be a directed tree then utn(T ) ≤ 7. Moreover, there exists a directed tree T such that utn(T ) ≥ 4.
For a path P, utn(P) ≤ 3 and there exist paths with utn(P) = 3.
6. Extensions to other families of DAGs
Let G = (V, E) be a DAG. A vertex c-colouring of G is a partition {Vi : 1 ≤ i ≤ c}, such that for every edge
(u, v) ∈ E , if u ∈ Vi and v ∈ V j , then i 6= j . The minimum value of c such that G has a vertex c-colouring is called
the chromatic number of G and is denoted by χ(G). A strong star colouring of a graph G is a vertex colouring of G
such that each bichromatic subgraph consists of a star and possibly some isolated vertices. The minimum value of c
such that G has a strong star colouring with c colours is called the strong star chromatic number of G and is denoted
by χsst (G). The definition of strong star chromatic number is due to Dujmovic´ and Wood [6] who observed that track
number is at most the strong star chromatic number, i.e. tn(G) ≤ χsst (G).
It is immediate to see that, if G is a DAG and Gˆ is the underlying undirected graph of G, then utn(G) ≤ χsst (Gˆ).
Namely, the partition of the vertices defined by the colouring is such that there are no two adjacent vertices in the
same set. Therefore there is no overlap. Also, any pair of edges with endvertices in two sets Vi and V j have a vertex
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Table 1
Upper and Lower Bounds on the Volume of a 3D upward drawing of different families of DAGs
Family of DAGs Volume upper bound Volume lower bound
Trees O(n)(7× 7× 7 · n) Ω(n)
Paths O(n)(2× 2× n) Ω(n)
X-trees O(n2.5) Ω(n1.5)
Halin O(n3) Ω(n1.5)
Outerplanar O(n3) Ω(n1.5)
Series-parallel O(n3) Ω(n1.5)
Planar O(n3) Ω(n1.5)
k-planar O(n2.5) Ω(n1.5)
Arbitrary O(n4) Ω(n1.5)
Any acyclic orientation of the graphs in the families reported in the first column have 3D upward drawings with the volume bounds reported in the
second and third column.
in common because each bichromatic subgraph consists of a star and possibly some isolated vertices; therefore no
X -crossing is possible. Defining a partial order 4 so that u 4 v if and only if (u, v) ∈ E , we have an upward t-track
layout of G with t = χsst (Gˆ).
In [6] it has been proven that every (undirected) graph G with m edges and maximum degree ∆ ≥ 1 has strong
star chromatic number χsst (G) < 14
√
∆m and χsst (G) < 15m2/3. Consequences of these results are that every
(undirected) planar graph has upward track number O(n2/3) and that this bound reduces to O(
√
n) if the (undirected)
planar graph has bounded degree. The families of (undirected) outerplanar graphs, series-parallel graphs and Halin
Graphs2 are special cases of (undirected) planar graphs with unbounded degree and hence they have track number
O(n2/3). Thus, every DAG whose underlying undirected graph is either an outerplanar graph, or a series-parallel
graph, or a Halin graph has upward track number O(n2/3) and admits a 3D upward drawing with volume O(n3). On
the other hand k-planar graphs (i.e. planar graphs with maximum vertex degree at most k) and X -trees3 are examples
of planar graphs with bounded degree and hence they have track number O(
√
n). It follows that every DAG whose
underlying undirected graph is either a k-planar graph or an X -tree has upward track number O(
√
n) and admits a
3D upward drawing with volume O(n2.5). It is easy to construct a DAG that has the graph of Fig. 1 as a subgraph
and such that its underlying undirected graph is an X -tree or a Halin graph. Also, the underlying undirected graph of
the DAG in Fig. 1 is outerplanar, planar and k-planar for each k ≥ 3. It follows that a lower bound of Ω(n1.5) on the
volume of a 3D upward drawing can be established for DAGs whose underlying undirected graph belongs to one of
the families discussed above. We conclude by observing that a trivial upper bound on the upward track number of an
arbitrary graph G is O(n) and hence by Corollary 1 a trivial upper bound on the volume is O(n4). Table 1 summarizes
these upper and lower bounds on the volume.
7. Conclusions and open problems
This paper proves a super-linear lower bound for the volume required by 3D upward drawings of a family of
outerplanar DAGs. It also proves that for the special case of directed trees a linear-volume upper bound can be
obtained. The presented results are based on the new notion of upward track layout and on the relationships between
upward track layouts and upward queue layouts. By also using the concept of strong star chromatic number and results
in [6], interesting gaps between lower and upper bounds for the volume of 3D upward drawings of planar DAGs can
be derived. Closing these gaps is, in our opinion, an interesting research direction and has been already undertaken by
Dujmovic´ and Wood [21] who, after the conference version of this paper appeared, have been able to show that any
c-colourable DAG (with c constant) admits a 3D upward drawing in O(n2) volume. In the same paper, they show how
to improve the constant factor in the linear upper bound on the volume of trees. More precisely, they prove that for
every directed tree T,utn(T ) ≤ 5; also they prove an upper bound of 4× 4× 7n5 on the size of a 3D upward drawing
of a directed tree T .
2 A Halin graph is a graph such that: (i) every vertex of G has degree greater or equal to 3; (ii) G can be decomposed into a spanning tree T of
G and a cycle C through the leaves of T ; (iii) G has a planar embedding in which C is the boundary of the external face.
3 An X -tree is a complete ordered binary tree with some extra edges connecting vertices at the same level. More precisely, for each level of the
tree, if v0, v1, . . . , vk−1 are the vertices of that level in left-to-right order, the extra edges are (vi , vi+1) (0 ≤ i ≤ k − 2).
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Appendix
Lemma 1. If DAG G has an upward t-track drawing of height H, then G has a 3D upward drawing of size
t × p × p · H and volume O(t3 · H), where p is the smallest prime number greater than or equal to t .
Proof. We describe now how to construct a 3D upward drawing Γ of G starting from an upward t-track drawing Γ ′
of G of height H . Let p be the smallest prime number greater than or equal to t . By Bertrand’s postulate we have
t ≤ p ≤ 2t − 2.
The vertices of each vertical line i (i = 0, . . . , t − 1) of Γ ′ are drawn in Γ on the vertical line of coordinates
(i, i2 mod p). More precisely, if vertex v is on line i and has z-coordinate j in Γ ′ then it is drawn in Γ at the point
with coordinates (i, i2 mod p, i3 mod p + j p).
We prove now that Γ has no crossings. Suppose that two edges e1 and e2 cross and let (ia, i2a mod p, za) be the
coordinates of their endvertices (1 ≤ a ≤ 4). Since e1 and e2 cross, these four points are coplanar and therefore it
must be that det(M) = 0 where M is the matrix
M =

1 i1 i21 mod p z1
1 i2 i22 mod p z2
1 i3 i23 mod p z3
1 i4 i24 mod p z4
 .
There are different cases depending on the number N of distinct vertical lines, i.e. N = |{i1, i2, i3, i4}|.
In the cases N = 1 and N = 2 a crossing is not possible since otherwise there would be an overlap or an X -crossing
in Γ ′, but this is impossible by definition.
In the case N = 3 suppose, without loss of generality, that i1 = i2. It follows that det(M) = (z2 − z1)det(M ′),
where
M ′ =
1 i2 i22 mod p1 i3 i23 mod p
1 i4 i24 mod p
 .
Since z1 6= z2 (because otherwise the two vertices would coincide), then det(M ′) = 0. However, M ′ is a Vandermonde
matrix modulo p and
det(M ′) = (i2 − i3)(i2 − i4)(i3 − i4) mod p
which is non-zero because the three terms are non-zero and contain no factor p, a contradiction.
Consider now case N = 4. Let M ′ be the matrix obtained from M by tacking each entry modulo p. Then
det(M ′) = 0. Since za = i3a mod p (1 ≤ a ≤ 4), then
M ′ =

1 i1 i21 i
3
1
1 i2 i22 i
3
2
1 i3 i23 i
3
3
1 i4 i24 i
3
4
 (mod p).
Since each ia < p, M ′ is a Vandermonde matrix modulo p and thus
det(M ′) = (i1 − i2)(i1 − i3)(i1 − i4)(i2 − i3)(i2 − i4)(i3 − i4) mod p
which is non-zero since the six terms are non-zero and contain no factor p. Again we have a contradiction and a
crossing is not possible either in this case.
We will now show that the drawing is upward. Suppose (u, v) ∈ E . So in the drawing Γ ′ we have z(u) < z(v).
Since i3 mod p < p, we have that i3 mod p + z(u)p < j3 mod p + z(v)p, for all values of i and j . This implies
that the drawing is upward.
The size of the obtained drawing is t × p × p · H and since t ≤ p ≤ 2t − 2, the volume is O(t3 · H). 
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